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Abstract—Complex orthogonal designs (CODs) are used to
construct space-time block codes in wireless transmission. COD
Oz with parameter [p, n, k] is a p × n matrix, where nonzero
entries are filled by ±zi or ±z∗i , i = 1, 2, . . . , k, such that
OH

z Oz = (|z1|2 + |z2|2 + . . . + |zk|2)In×n. In practice, n is the
number of antennas, k/p the code rate, and p the decoding delay.

One fundamental problem is to construct COD to maximize
k/p and minimize p when n is given. Recently, this problem is
completely solved by Liang and Adams et al. It’s proved that
when n = 2m or 2m − 1, the maximal possible rate is (m +
1)/(2m) and the minimum delay

(
2m
m−1

)
(with the only exception

n ≡ 2 (mod 4) where it is 2
(

2m
m−1

)
). However, when the number

of antennas increase, the minimum delay grows fast and eats the
otherwise fast decoding. For example, when n = 14 the minimal
delay for a code with maximal rate is 6006!

Therefore, it is very important to study whether it is possible,
by lowering the rate slightly, to shorten the decoding delay
considerably. In this paper, we demonstrate this possibility by
constructing a series of CODs with parameter

[p, n, k] =

[(
n

w − 1

)
+

(
n

w + 1

)
, n,

(
n

w

)]
,

where 0 ≤ w ≤ n.
Besides that, all optimal CODs, which achieve the maximal

rate and minimal delay, are contained in our explicit-form
constructions. And this is the first explicit-form construction,
while the previous are recursive or algorithmic.

I. INTRODUCTION

Space-time block codes have been widely investigated for
wireless communication systems with multiple transmit and
receive antennas. Since the pioneering work by Alamouti [7]
in 1998, and the work by Tarokh et al. [22], [23], orthogonal
designs have become an effective technique for the design of
space-time block codes (STBC). The importance of this class
of codes comes from the fact that they achieve full diversity
and have the fast maximum-likelihood (ML) decoding.

A complex orthogonal design (COD) Oz[p, n, k] is an p×n
matrix, and each entry is filled by ±zi or ±z∗i , i = 1, 2, . . . , k,
such that OH

z Oz =
∑n
i=1 |zi|2In, where H is the Hermitian

transpose and In is the n × n identity matrix. Under this
definition, the designs are said to be combinatorial, in the sense
that there is no linear processing in each entry. When linear
combination of variables are allowed, we call it generalized
complex orthogonal design (GCOD).

Code rate k/p and decoding delay p are the two most
important criteria of complex orthogonal space-time block

codes. One important problem is, given n, determine the
tight upper bound of code rate, which is called maximal rate
problem. Another is, given n, determine the tight lower bound
of decoding delay p when code rate k/p reaches the maximal,
which is called minimal delay problem.

For combinatorial CODs, where linear combination is not
allowed, Liang determined for a COD with n = 2m or
2m − 1, the maximal possible rate is m+1

2m [14]. Liang gave
an algorithm in [14] to generate such CODs with rate m+1

2m ,
which shows that this bound is tight. In [15], Yuan et al.
simplifies Liang’s proof on the upper bound of code rate
slightly. The minimal delay problem are solved by Adams
et al. In [5], lower bound

(
2m
m−1

)
of decoding delay is proved

for any n = 2m or 2m − 1. In [6], Adams et al. prove that
when n ≡ 2 (mod 4), decoding delay p is lowered bound by
2
(

2m
m−1

)
.

Besides some scattered constructions for relatively small
number of antennas n [25], [22], [19], several general methods
to construct CODs have been proposed. Liang’s algorithmic
construction in [14] achieves the maximal rate for all n,
acheives the minimal delay when n ≡ 1, 2, 3 (mod 4). But
when n ≡ 0 (mod 4), the delay is twice of the minimal delay.
In [20], a different algorithmic method to generate complex
orthogonal is proposed, which has the same code rate and
decoding delay as Liang’s construction. In [16], a closed-
form iterative construction of complex orthogonal designs was
proposed, which achieves both the maximal rate and minimal
delay.

The unfortunate property of COD is that for n = 2m
or 2m − 1 transmit antennas, the codes with maximal rate
(m + 1)/(2m) has minimal decoding delay

(
2m
m−1

)
(with

exception n = 2 (mod 4) where it is 2
(

2m
m−1

)
). For example,

when n = 14, the minimal delay for a code with maximal rate
is 6006! Therefore, it’s meaningful to construct CODs with
smaller decoding delay by sacrificing code rate and investigate
the tradeoff between code rate and decoding delay.

In this paper, we demonstrate it’s possible to shorten the
decoding delay considerably by lowering the rate slightly.
This is achieved by constructing new CODs with parameter
[p, n, k] =

[(
n

w−1

)
+
(
n

w+1

)
, n,

(
n
w

)]
, where 0 ≤ w ≤ n.

Besides that, all optimal CODs, which achieve the maximal
rate and minimal delay, are contained in our explicit-form
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constructions. And this is the first explicit-form construction,
while the previous are either recursive or algorithmic.

The organization of our paper is as follows. In section 2,
we introduce the notions and definitions which will be used.
In section 3, we present our explicit-form constructions. In
section 4, an upper bound of AC(R,n), which is the minimum
number p for which there exists a COD of size p×n and rate
at least R, is obtained as a consequence of our explicit-form
construction. In section 5, we give the conclusion.

II. PRELIMINARIES

In this section, we introduce some basic notions, which will
be used in the sequel.
C denotes the field of complex numbers, R the field of real

numbers and F2 the field with two elements. Adding over F2

is denoted by ⊕ to avoid ambiguity. All vectors are assumed
to be column vectors. For any field F, denoted by Fn and
Mm×n(F) the set of all n-dimensional vectors in F and the
set of all m × n matrices in F, respectively. For any vector
x ∈ Fn, denote by xT the transpose of x. For any matrix
A ∈Mm×n(C), denote by AT the transpose of A and by AH

the conjugate transpose of A. Denote by

A(i1, i2, . . . , ip; j1, j2, . . . , jq)

and
A(s1, . . . , s2; t1, . . . , t2)

the submatrix consisting of ith1 , ith2 , . . ., ithp rows and the jth
1 , jth

2 ,
. . ., jth

q columns of A, and the submatrix consisting of the sth
1 ,

(s1+1)th, . . . , sth
2 rows and the tth1 , (t1+1)th, . . . , tth2 columns

of A, where s1 < s2 and t1 < t2, respectively. We use A(i, j)
for the (i, j) element of the matrix A. In this paper, rows and
variables are often indexed by vectors in F2

n.
For convenience, let ei ∈ Fn2 be the vector with ith bit

occupied by 1 and the others 0, i.e., ei = (0, . . . , 0︸ ︷︷ ︸
i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
n−i

)

and let e = e1 ⊕ e2 ⊕ . . .⊕ en, i.e., e = (1, 1, . . . , 1)2.
The weight of a vector in Fn2 is defined as the number of

ones in n bits, i.e., wt(α) =
∑n
i=1 α(i). Furthermore, wts,t(α)

is defined as the sum of sth bit to tth bit, i.e.,

wts,t(α) =
t∑
i=s

α(i).

Definition 1. A [p, n, k] complex orthogonal design Oz is a
p× n rectangular matrix whose nonzero entries are

z1, z2, . . . , zk,−z1,−z2, . . . ,−zk
or their conjugates

z∗1 , z
∗
2 , . . . , z

∗
k,−z∗1 ,−z∗2 , . . . ,−z∗k,

where z1, z2, . . . , zk are indeterminates over C, such that

OH
z Oz = (|z1|2 + |z2|2 + · · ·+ |zk|2)In×n.

k/p is called the code rate of Oz , and p is called the decoding
delay of Oz .

A matrix is called an Alamouti 2 × 2 if it matches the
following form (

zi zj
−z∗j z∗i

)
, (1)

up to negation or conjugation of zi or zj . We say two rows
share an Alamout 2× 2 if and only if the intersection of the
two rows and some two columns form an Alamouti 2× 2.

Definition 2. The equivalence operations performed on any
COD are defined as follows.

1) Rearrange the order the rows(“row permutation”).
2) Rearrange the order the columns (“column permuta-
tion”).
3) Conjugate all instances of certain variable (“instance
conjugation”).
4) Negate all instances of certain variable (“instance
negation”).
5) Change the index of all instances of certain variable
(“instance renaming”).
6) Multiply any row by −1, (“row negation”).
7) Multiply any column by −1, (“column negation”).

It’s not difficult to verify that, given a COD Oz[p, n, k],
after arbitrary equivalence operations, we will obtain another
COD O′

z[p, n, k]. And we say COD Oz and O′
z are the same

under equivalence operations.
Following the definition in [14], define an (n1, n2) − Bj

form by

Bj =

(
zjIn1 M1

−MH
1 z∗j In2

)

=



zj 0 · · · 0
0 zj · · · 0
...

...
. . .

...
0 0 · · · zj

Mj

−MH
j

z∗j 0 · · · 0
0 z∗j · · · 0
...

...
. . .

...
0 0 · · · z∗j


,(2)

where n1 + n2 = n. And we call it Bj form for short.

Definition 3. [5] We say COD Oz is in Bj form if the
submatrix Bj can be created from Oz through equivalence
operations except for column permutation. Equivalently, Oz

is in Bj form if every row of Bj appears within the rows of
Oz , up to possible conjugations of all instances of zi and
possible factors of −1.

It is proved that [5] that COD Oz is in some Bj form if
and only if one row in Oz matches one row of Bj up to signs
and conjugations.

In [14], Liang proved the upper bound m+1
2m of code rate k

p
for any n = 2m or 2m − 1, and obtained the necessary and
sufficient condition to reach the maximal rate.

Theorem 4. Let n = 2m or 2m − 1. The rate of COD
Oz[p, n, k] is upper bounded by m+1

2m , i.e., kp ≤ m+1
2m .
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This bound is achieved if and only if for all i = 1, 2, . . . , k,
Bj is an (m,m− 1)-Bj or (m− 1,m)-Bj form and there are
no zero entries in Mj , when n = 2m−1; Bj is an (m,m)-Bj
form and there are no zero entries in Mj , when n = 2m.

The lower bound on the decoding delay when code rate
reaches the maximal is completely solved by Adams et al. in
[5] and [6].

Theorem 5. Let n = 2m or 2m− 1. For COD Oz[p, n, k], if
the rate reaches the maximal, i.e., k

p = m+1
2m , the delay, i.e.,

p, is lower bounded by
(

2m
m−1

)
when n ≡ 0, 1, 3 (mod 4); by

2
(

2m
m−1

)
when n ≡ 2 (mod 4).

The technique in proving the lower bound
(

2m
m−1

)
is the

observation and definition of zero pattern, which is a vector
in Fn2 defined with respect to one row where the ith bit is 0 if
and only if the element on column i is 0. For example, when

Oz =


z1 z2 z3
−z∗2 z∗1 0
−z∗3 0 z∗1
0 z∗3 −z∗2

 , (3)

the first row has zero pattern (1, 1, 1), the second (1, 1, 0), the
third (1, 0, 1), the fourth (0, 1, 1).

III. EXPLICIT-FORM CONSTRUCTIONS

In this section, we present explicit-form constructions of M-
type CODs. The basic idea is first to construct a basic COD
with rate 1/2 and parameters [2n+1, n, 2n], which are based
on combinatorial methods by using vectors in Fn+1

2 . Then, by
choosing submatrices from the basic COD, we obtain CODs
with paramters

[p, n, k] =

[(
n

w − 1

)
+

(
n

w + 1

)
, n,

(
n

w

)]
,

where −1 ≤ w ≤ n + 1. Note that, when n ̸≡ 0 (mod 4),
all maximal-rate, minimal-delay CODs are contained in the
above constructions.

Next, we consider n ≡ 0 (mod 4). By padding an extra
column on our basic COD, we obtain COD with parameter
[2n, n, 2n−1]. Again, by choosing submatrices from the basic
COD, we obtain CODs with parameters [

(
n

n/2+1

)
, n,

(
n−1
n/2−1

)
],

which contains the codes with maximal rate and minimal
decoding delay.

Theorem 6. Let Gn be 2n+1 × n matrix, where rows are
indexed by vectors in Fn+1

2 and columns are indexed by
1, 2, . . . , n. For all α ∈ Fn+1

2 , 1 ≤ i ≤ n,

• if α(i) = 0, then Gn(α, i) = 0,
• if α(i) = 1 and α(n + 1) = 0, then Gn(α, i) =

(−1)θ(α,i)zφ(α,i),
• if α(i) = 1 and α(n + 1) = 1, then Gn(α, i) =

(−1)θ(α,i)z∗φ(α,i),

where

θ(α, i) =

{
wti,n+1(α) +

i
2 , if i is even,

wti,n+1(α) +
i−1
2 + α(n+ 1), if i is odd,

(4)
and

φ(α, i) = α⊕ α(n+ 1)e⊕ ei

= (α(1)⊕ α(n+ 1), . . . , α(i)⊕ α(n+ 1)⊕ 1, . . . ,

α(n+ 1)⊕ α(n+ 1)).

Then Gn is a COD with parameter [2n+1, n, 2n].

Proof: It is sufficient to prove 1) every variable, up to
negation or conjugation, appears exactly once in each column;
2) any two different columns are orthogonal.

Since for fixed i, φ(α, i) takes nonzero values on 2n

different vectors α ∈ Fn+1
2 , α(i) = 1. To prove 1), we only

need to show φ is a surjective, i.e. α ̸= β ⇒ φ(α, i) ̸= φ(β, i).
Suppose to the contrary that there exists α and β where
α ̸= β, α(i) = β(i) = 1 and φ(α, i) = φ(β, i). Expanding
φ(α, i) = φ(β, i) by definition, we have

α⊕ α(n+ 1)e⊕ ei = β ⊕ β(n+ 1)e⊕ ei,

which is equivalent to

α⊕ β = (α(n+ 1)⊕ β(n+ 1))e.

If α(n + 1) = β(n + 1), then α ⊕ β = (α(n + 1) ⊕ β(n +
1))e = 0 ⇒ α = β, which is contradicted with α ̸= β. If
α(n+1) ̸= β(n+1), then α⊕β = (α(n+1)⊕β(n+1))e = e,
which is contradicted with α(i) = β(i) = 1.

To prove any two different columns are orthogonal, it is
sufficient to show that, every pair of nonzero entries in the
same row are in an Alamouti 2× 2.

Let columns 1 ≤ i < j ≤ n and α ∈ Fn+1
2 be any row,

satisfying α(i) = α(j) = 1. Let γ = φ(α, i), δ = φ(α, j).
Since every variable appears exactly once in each column,
we assume z[δ] appears in the βth row in ith column, i.e.,
φ(β, i) = γ.

By the assumption that z[δ] appears in Gn(β, i), we have
φ(β, i) = φ(α, j), i.e.,

α⊕ α(n+ 1)e⊕ ej = β ⊕ β(n+ 1)e⊕ ei,

which implies

β = α⊕ α(n+ 1)e⊕ ej ⊕ β(n+ 1)e⊕ e(i)

= α⊕ (α(n+ 1)⊕ β(n+ 1))e⊕ ei ⊕ ej . (5)

Noting that φ takes nonzero value on (α, i), (α, j) and (β, i),
we have α(i) = α(j) = β(j) = 1. Considering ith value in
equality (5), we conclude α(n+ 1)⊕ β(n+ 1) = 1. Thus,

α⊕ β = e⊕ ei ⊕ ej . (6)

2169



Taking β = α⊕ e⊕ ei ⊕ ej into φ(β, j), we have

φ(β, j) = β ⊕ β(n+ 1)e⊕ ej

= α⊕ α(n+ 1)e⊕ ej ⊕ β(n+ 1)e⊕ ei ⊕
β(n+ 1)e⊕ ej

= α⊕ α(n+ 1)e⊕ ei

= φ(α, i).

Therefore, submatrix Gn(α, β; i, j) could be written in either
of the two following forms(

(−1)θ(α,i)zγ (−1)θ(α,j)zδ
(−1)θ(β,i)z∗δ (−1)θ(β,j)z∗γ

)
or (

(−1)θ(α,i)z∗γ (−1)θ(α,j)z∗δ
(−1)θ(β,i)zδ (−1)θ(β,j)zγ

)
.

Now we calculate θ(α, i) + θ(α, j) + θ(β, i) + θ(β, j) to
check whether it is an Alamouti 2× 2.

First, we calculate θ(α, i) + θ(β, i) according to the parity
of i. When i is even,

θ(α, i) + θ(β, i)

= wti,n+1(α) +
i

2
+ wti,n+1(β) +

i

2
≡ wti,n+1(α⊕ β) + i.

When i is odd,

θ(α, i) + θ(β, i)

= wti,n+1(α) +
i− 1

2
+ α(n+ 1)+

wti,n+1(β) +
i− 1

2
+ β(n+ 1)

≡ wti,n+1(α⊕ β) + (i− 1) + (α(n+ 1)⊕ β(n+ 1))

≡ wti,n+1(α⊕ β) + i.

The last step holds because α(n+ 1)⊕ β(n+ 1) = 1.
Then,

θ(α, i) + θ(α, j) + θ(β, i) + θ(β, j)

≡ wti,j(α⊕ β) + i+ j

≡ (j − i− 1) + i+ j

≡ 1 (mod 2).

Therefore,

(−1)θ(α,i)z∗γ(−1)θ(α,j)zδ + (−1)θ(β,i)zδ(−1)θ(β,j)z∗γ = 0

holds and the submatrix Gn(α, β; i, j) is an Alamouti 2 × 2,
which implies column i and column j are orthogonal. The
proof is complete.

By taking out some submatrices form Gn, we can get a
series of atomic M-type CODs.

Theorem 7. Given n, for arbitrary integer −1 ≤ w ≤ n+ 1,
let

Gwn = Gn(α1, . . . , α( n
w+1)

, β1, . . . , β( n
n−w+1)

; 1 ∼ n),

where αi are all vectors in Fn+1
2 with weight w + 1 and the

(n+1)th bit 0, βi are all vectors in Fn+1
2 with weight n−w+2

and the (n + 1)th bit 1. Then Gwn is a COD with parameter
[
(
n

w+1

)
+
(
n

w−1

)
, n,

(
n
w

)
].

Proof: Since Gwn is a submatrix of the orthogonal design
Gn, it’s sufficient to prove that if some variable exists on one
column of Gwn then it exists on every column of Gwn . We will
show that all variables with subscript weight w exist on each
column of Gwn .

For any α ∈ Fn+1
2 such that α(n + 1) = 0, α(i) = 1 for

some 1 ≤ i ≤ n, as wt(φ(α, i)) = wt(α ⊕ ei) = wt(α) − 1,
then wt(φ(α, i)) = w if and only if wt(s) = w + 1.

For any α ∈ Fn+1
2 such that α(n+1) = 1, and α(i) = 1 for

some 1 ≤ i ≤ n, as wt(φ(α, i)) = wt(α⊕ ei ⊕ e) = n+ 2−
wt(α), then wt(φ(α, i)) = w if and only if wt(α) = n−w+2.

Finally, there are
(
n

w+1

)
+
(

n
n−w+1

)
=

(
n

w+1

)
+
(
n

w−1

)
rows

taken and
(
n
w

)
different variables in it. The proof is complete.

Notice that, in the above constructions, G−1
n = (0, 0, . . . , 0)

is a trivial COD with rate 0 and delay 1.
For fixed number of antennas n, the code rate(

n
w

)(
n

w+1

)
+

(
n

w−1

) =

(
n− w

w + 1
+

w

n− w + 1

)−1

is an increasing function of w when −1 ≤ w ≤ ⌊n2 ⌋, as well as
the decoding delay

(
n
w

)
. Since the decoding delay

(
n
w

)
grows

very fast when w is increasing, the sacrifice in rate might be
worth the trade-off for a smaller decoding delay in practice.

For example, letting n = 14, w = 0, 1, . . . , 7 respectively,
we obtain codes with the following parameters with rate
decreasing and delay incresing.

TABLE I
CODE RATE AND DELAY FOR n = 14

w k rate = k/p delay = p

0 1 0.071 14
1 14 0.152 92
2 91 0.241 378
3 364 0.333 1092
4 1001 0.423 2366
5 2002 0.500 4004
6 3003 0.553 5434
7 3432 0.571 6006

Taking w = m when n = 2m or 2m − 1, it’s easy to
verify Gwn has parameter [

(
2m
m−1

)
, 2m− 1,

(
2m−1
m−1

)
] when n =

2m− 1 and [2
(

2m
m−1

)
, 2m, 2

(
2m−1
m−1

)
] when n = 2m with code

rate (m+ 1)/(2m). By Theorem 4 and Theorem 5, we know
Gmn reaches the maximal rate and it reaches the minimal delay
when n ̸≡ 0 (mod 4).

Like the Alamouti 2 × 2 in [7], certain CODs enjoy
a property known as transceiver signal linearization, which
can facilitate decoding. This linearization allows the code
to be backward compatible with existing signal processing
techniques and standards, and allows for the design of low
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complexity interference suppressing filters and channel equal-
izers [18]. It has been shown that a complex orthogonal design
can achieve transceiver signal linearization if and only if each
row in the code has either all conjugated entries or all non-
conjugated entries [18], which is called conjugation separated.
Note that Gn and Gwn are all conjugation separated and thus
satisfy the transceiver signal linearization property.

When n ≡ 0 (mod 4), it’s possible to pad an extra column
on Gn−1 to obtain a new COD.

Theorem 8. For positive integer n = 2m,m even, let Hn =
(Gn−1,Ln), where

Ln(α) = α(n)(−1)ψ(α)zα⊕en , for all α ∈ Fn2
and ψ(α) =

∑m
i=1 α(2i). Then Hn is a COD with parameter

[2n, n, 2n−1].

Proof: From Theorem 6, we claim columns in Gn−1 are
pairwise orthogonal. By proving column Ln is orthogonal to
the other columns, we can complete the proof. It’s obvious
that each variable exists on Ln only once. It only remains to
prove any two nonzero elements(one is on Ln) in the same
row are in an Alamouti 2× 2.

Consider column 1 ≤ i ≤ n − 1 and column n. For row
α ∈ Fn2 and α(i) = α(n) = 1, Hn(α, i) = (−1)θ(α,i)z∗φ(α,i)
and Hn(α, n) = (−1)ψ(α)zα⊕en . Since each variable exists
in Ln, there exists an integer β ∈ Fn2 , β(n) = 1 such that
|Hn(β, n)| = |Hn(α, i)|∗, which is

β ⊕ en = α⊕ α(n)e⊕ ei.

Noting that α(n) = 1, thus,

β = α⊕ e⊕ ei ⊕ en. (7)

which implies β(i) = β(n) = 1. Now, we calculate the
subscript of the variable in Hn(β, i).

φ(β, i) = β ⊕ β(n)e⊕ ei

= α⊕ e⊕ ei ⊕ en ⊕ e⊕ ei

= α⊕ en,

which is equal to the subscript of variable in Hn(α, n).
Therefore, the submatrix Hn(α, β; i, n) could be written as
follows (

(−1)θ(α,i)z∗γ (−1)ψ(α)zδ
(−1)θ(β,i)z∗δ (−1)ψ(β)zγ ,

)
,

where γ = α⊕ ei⊕ en and δ = α⊕ en. Let’s check the signs
to verify whether it’s an Alamouti 2× 2.

When i is even,

θ(α, i) + ψ(α) + θ(β, i) + ψ(β)

≡ wti,n(α) +
i

2
+

m∑
k=0

α(2k) + wti,n(β) +
i

2
+

m∑
k=1

β(2k)

≡ wti,n(α⊕ β) +
m∑
k=1

(α(2k)⊕ β(2k))

≡ (n− i− 1) + (m− 1) by (7)
≡ 1 (mod 2).

When i is odd,

θ(α, i) + ψ(α) + θ(β, i) + ψ(β)

≡ wti,n(α) +
(i− 1

2
+ α(n) +

m∑
k=1

α(2k)+

wti,n(β) +
i− 1

2
+ β(n) +

m∑
k=1

β(2k)

≡ wti,n(α⊕ β) + (α⊕ β)(n) +
m∑
k=1

(α(2k)⊕ β(2k))

≡ (n− i− 1) + 0 + (m− 2) by (7)
≡ 1 (mod 2).

Therefore,

(−1)θ(α,i)zγ(−1)ψ(α)zδ + (−1)θ(β,i)zδ(−1)ψ(β)zγ = 0

holds and the submatrix Hn(α, β; i, n) an Alamouti 2 × 2,
which implies column i and column n are orthogonal. The
proof is complete.

Similar with the idea in Theorem 7, by taking out some
submatrices of Hn, we can obtain new ones.

Theorem 9. For positive integer n = 2m,m even, let

Hm
n = Hn(α1, . . . , α( n

m+1)
; 1, . . . , n),

where αi are all vectors in Fn2 with weight m+ 1. Then Hm
n

is a COD with parameter [
(

n
m+1

)
, n,

(
n−1
m

)
].

Proof: From Theorem 8, we know Hn is orthogonal. Now
we will prove that every variable with subscript weight m
exists on each column, which implies Hm

n is a COD.
For α ∈ Fn2 , α(n) = 0, 1 ≤ i ≤ n − 1 and α(i) = 1, since

wt(φ(α, i)) = wt(α⊕ ei) = wt(α)− 1, then wt(φ(α, i)) = m
if and only if wt(α) = m+ 1.

For α ∈ Fn2 , α(n) = 1, 1 ≤ i ≤ n − 1 and α(i) = 1,
since wt(φ(α, i)) = wt(α ⊕ ei ⊕ e) = n + 1 − wt(α), then
wt(φ(α, i)) = m if and only if wt(α) = n+ 1−m = m+ 1.

For the last column, since Ln(α) = (−1)ψ(α)zα⊕en for
α(n) = 1, it’s easy to see if wt(α) = m+1, then wt(ψ(α)) =
2m and vice versa. Therefore, the proof is complete.

By Theorem 4 and Theorem 5, we know Hm
n reaches the

maximal rate and minimal delay when n ≡ 0 (mod 4). Up to
now, all maximal rate, minimal delay CODs are contained in
our constructions, which are Gmn when n ̸≡ 0 (mod 4) and
Hm
n when n ≡ 0 (mod 4).
It’s worth noticing that, for a given row, there are both

conjugated and non-conjugated nonzero entries in Hn and
Hm
n , which violets the transceiver signal linearization property.
In [4], Adams et al. proved that when n ≡ 1, 2, 3 (mod 4),

maximal rate CODS with transceiver linearization can achieve
the minimal delay, and when n ≡ 0 (mod 4), it can not. Our
explicit-form constrictions are consist with their results.

The CODs constructed by Liang in [14], and by Su and Xia
in [20] are the same with Gmn under equivalence operation,
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which achieves maximal rate and minimal delay when n ̸≡ 0
(mod 4). The closed-form constructions in [16] are equivalent
to Gmn and Hm

n , and therefore achieve maximal rate and
minimal delay for any n. The constructions in [3] by Adams
et al. have rate 1/2 and delay 2m−1 or 2m, depending on
the parity of n modulo 8. Those rate 1/2 CODs have smaller
decoding delay compared to Gwn with rate not less than 1/2.

IV. AN UPPER BOUND OF AC(R,n)

In practice, complex orthogonal design are used to construct
high-rate and low decoding complexity space-time block codes
with full diversity. It’s necessary to take the memory require-
ments into account, which means that given the number of
antennas n and the rate R, we must minimize the decoding
delay p. Therefore, we have the following definition.

Definition 10. [22] For a given R and n, we define AC(R,n)
the minimum number p for which there exists a complex
orthogonal design of size p × n and rate at least R. If no
such orthogonal design exists, we define AC(R,n) = ∞.

The question of the computation of the value AC(R,n) is
addressed as the fundamental question of complex orthogonal
design theory in [22]. In [14], the author proposes the problem
to determine ~C(p, n), where ~C(p, n) denote the maximum
number k such that a [p, n, k] complex orthogonal design Oz

exists when n and p is given. And the value of ~C(p, n) is
calculated for n ≤ 4. However, the value of ~C(p, n) for p ≥
n ≥ 5 is still unknown.

In fact, if either AC(R,n) or ~C(p, n) is determined, the
other can be easily calculated, as the following proposition
reveals.

Proposition 11. For any positive integer n, and positive real
number R, we have

AC(R,n) = min
~C(p,n)≥pR

{p},

or equivalently,

~C(p, n) = max
AC(R,n)≤p

{RAC(R,n)}.

Proof: From the definition of AC(R,n) and ~C(p, n), we
can write

AC(R,n) = min
COD [p,n,k] exists, kp≥R

{p}

and
~C(p, n) = max

COD [p,n,k] exits
{k}.

Therefore,

min
~C(p,n)≥pR

{p} = min
maxCOD [p,n,k] exits {k}≥pR

{p}

= min
COD [p,n,k] exits,k≥pR

{p}

= AC(R,n)

The other equality is similar to prove.

Now, we only consider AC(R,n). Because AC(R,n) and
~C(p, n) are related by the previous proposition, an upper
bound of AC(R,n) will induce a lower bound of ~C(p, n)
and vice versa.

Since two complex orthogonal designs with parameters
[p1, n, k1] and [p2, n, k2] can be combined to obtain a new
complex orthogonal design [p1+p2, n, k1+k2], the inequality

AC(R,n) ≤ AC(R1, n) +AC(R2, n)

holds, where

R =
R1AC(R1, n) +R2AC(R2, n)

AC(R1, n) +AC(R2, n)
.

Combining the above inequality and the fact that AC(R,n)
is an increasing function when n is fixed, a general upper
bound of AC(R,n) can be derived when upper bounds on
several points are determined.

The following corollary gives an upper bound on AC(R,n),
which is a consequence of our constructions.

Corollary 12. For any positive integer n = 2m or 2m − 1
and any real number 1

n ≤ R ≤ m+1
2m , we have

AC(R,n) ≤
(

n

w + 1

)
+

(
n

w − 1

)
, (8)

where

w =

⌈
n

2
− 1

2

√
(n+ 2)(n+ 2− 2Rn)

2R+ 1

⌉
.

Especially, if n ≡ 0 (mod 4), we have

AC(R,n) ≤
(

n

n/2 + 1

)
. (9)

Proof: Consider COD Gwn [
(
n

w+1

)
+

(
n

w−1

)
, n,

(
n
w

)
] with

code rate (n−ww+1 + w
n−w+1 )

−1. Let (n−ww+1 + w
n−w+1 )

−1 ≥ R,
which is equivalent to

w2 − nw +
(Rn− 1)(n+ 1)

2R+ 1
≤ 0. (10)

Solving inequality (10), we have

n(2R+ 1)−
√
∆

4R+ 2
≤ w ≤ n(2R+ 1) +

√
∆

4R+ 2
,

where
∆ = (2R+ 1)(n+ 2)(n+ 2− 2Rn).

Recalling R ≥ 1/n, it’s easy to see n(2R+1)−
√
∆

4R+2 ≥ 0 as
n2(2R+ 1)2 −∆ = (2R+ 1)(Rn− 1)(n+ 1) ≥ 0.

From COD Gwn , we claim there exists a complex orthogonal
design [

(
n

w+1

)
+

(
n

w−1

)
, n,

(
n
w

)
], and the corresponding code

rate not less than R, which implies AC(R,n) ≤
(
n

w+1

)
+(

n
w−1

)
.

Upper bound (9) is similar to prove by COD Hm
n .
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V. CONCLUSION

In this paper, we present a systematic explicit-form con-
struction of complex orthogonal space-time block codes for
any number of antennas. In space-time block code, code rate
and decoding delay are two basic and important parameter-
s. Our constructions contain those with maximal code rate
and minimal decoding delay. Besides that, the constructions
contain codes sacrificing some code rate to achieve shorter
decoding delay, which first systematically demonstrates the
tradeoff between code rate and decoding delay.

Based on our constructions, an upper bound of AC(R,n) is
derived. Up to now, for general R and n, the exact value of
AC(R,n) is still unknown, which will be our future research.
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